158 Applied Science and Engineering Progress, Vol. 12, No. 3, pp. 158-163, 2019

Research Article

A Simplified Approach to Estimating Parameter of the GARCH (1,1) Model

Farida Farida*
Department of Management, Faculty of Economics, Darma Persada University, Duren Sawit, East Jakarta,
Indonesia

Nifatamah Makaje and Aniruth Phon-On
Department of Mathematics and Computer Science, Faculty of Science and Technology, Prince of Songkla
University, Pattani Campus, Thailand

* Corresponding author. E-mail: faridatuahuns@gmail.com DOI: 10.14416/j.asep.2019.06.001
Received: 6 September 2018; Revised: 5 May 2019; Accepted: 16 May 2019; Published online: 24 June 2019
© 2019 King Mongkut’s University of Technology North Bangkok. All Rights Reserved.

Abstract

The paper aims to present a method of parameter estimation of the GARCH (1,1) model. This estimation
problem involves computing the parameter estimates by maximizing the log-likelihood function. The Quasi-
Newton method and an appropriate starting point for the iterations were used. The idea of contour plots was
applied to find the initial values of the parameters for the iterative process. The method presented in this paper
was illustrated using the Paris Bourse stock exchange and Thailand rubber data. The estimated parameters were
compared to the values obtain using the Excel’s Solver, in order to know accurateness of the method presented.
The results showed that, apart from the Excel’s Solver, applying the Quasi-Newton method together with the
idea of contour plots provides an appropriate approach for parameter estimation of the GARCH (1,1) model.
The parameters obtained was then used to estimate the volatility of the Paris Bourse stock exchange data and
the results obtained was consistent with a previous study.
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1 Introduction data [1]-[4]. It was developed by Bollerslev in 1982
[5] and can be shown mathematically as

Risks in the financial market can lead investors to gain
profit or loss. Because of this condition, the investor
relies on the central paradigm of finance, to take risks

O-i2 :;/I/L-l_auizfl-i_ﬂail’ (1)

in purpose to achieve profit. However, not all risk can
result into profit. That is why a financial strategy is
needed to maximize profit and minimize loss. This
however explains the concept of financial market
risk called volatility. The main purpose of estimating
volatility is to measure the potential future losses of
asset prices. The GARCH (1,1) model is one of the
widely used volatility models in financial time series

where, 7, a and f are the parameters, u, o are the
returns and variance respectively on trading day i while
V, is the long-run variance rate.

The Maximum Likelihood (ML) method is
the most commonly used approach for estimating
the parameters of the GARCH (1,1) model with the
assumption that the data has a normal distribution [6].
For m observations, the likelihood function of the
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normal distribution can be written as

=1 —u’
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where v, = o7 = yV, + au’ | + Bol, is the variance
on trading day i, u’ is the returns square on the
trading day i and a, f and y are in [0,1). Note that,
for the GARCH (1,1) model, y =1 — a — 8. The best
approximation of the parameters o and £ are those that
maximize the likelihood function and these parameters
are called the maximum likelihood estimators. Taking
the natural logarithm of Equation (2) gives
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In terms of maximizing the log-likelihood function,
the critical point which has the first derivative of
the function being equal to zero is needed. Since
the derivative of the constant value is equal to zero,
the constant multiplication factors can be neglected.
Therefore, we have

m ulz
= ZE—IH(VI»)—T\J. (3)

i=1 f

In practice, working with the log-likelihood
functions is more convenient instead of working with
the likelihood functions [7] and by the monotonicity
of the logarithm function, the solution to the log-
likelihood function will be the same as the solution of
the likelihood function [8].

Parameter estimation of the GARCH (1,1) model
can be done by maximize the value of the log-likelihood
in Equation (3). The estimation of the parameters of
the GARCH (1,1) model have been widely studied
using the Solver package in Microsoft Office Excel,
for example, Saejiang ez al. [1] and Naimy [4]. Excel’s

Solver uses a technique from operations research to
find the optimal solution for all kinds of decision
problems. In estimating the parameters of the GARCH
(1,1) model, Excel’s Solver uses the Generalized
Reduced Gradient (GRG) method. The GRG method
has been proven to be one of the effective method for
the non-linear problem with non-linear constraints
[9]. However, the GRG method does not possess a
particular convergence rate, it depends on the method
used in the step for direction search [10].

In 2009, Arneric and Rozga presented the
Quasi-Newton method together with the BHHH
algorithm in order to estimate the parameters of the
GARCH (1,1) model for Podravka (food industry),
Petrokemija (fertilizer industry) and Ericsson Nikola
Tesla (information’s-communications industry) data
[11]. The Quasi-Newton method was used because of
the Hessian matrix (matrix for the second derivation
of the log-likelihood function) was obtained by the
numerical approximation using the BHHH algorithm.
They also made a note that the BHHH algorithm has
approved to be faster if the good initial values were used.

Therefore, in this present study, an iterative
procedure using the Quasi-Newton method was chosen
together with the idea of the contour plots. The contour
plots was used to find the initial values for the iterative
process, where normally the initial values were obtained
by random or guessing. This method often diverges
if the initial values are far from the true roots. The
parameterization of the GARCH (1,1) model was
illustrated using the Paris Bourse stock exchange and
Thailand rubber prices data. Both data were used in
order to know how good the method we have presented
in this paper. The estimated values obtained from the
method presented was compare to the values obtained
from the Excel’s Solver, where for the Paris Bourse
stock exchange data uses the values from Naimy [4]
as a reference.

2 Materials and Methods

2.1 The Quasi-Newton method

The Newton’s method is one of the most popular
numerical methods which is referred by Burden and

Faires [12]. It is given by

P = - [HEH ] PG sk =0,12,....
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In order to maximizing the log-likelihood
function, x**' is the new value of x = (a, p) at k
iteration, [H(x")]™" is the inverse of the Hessian matrix
of the function / as Equation (3), F(x*) is the first partial
derivative of the function / with respect to a and £.
Applying to our study, the analytical solution of the
inverse of the Hessian matrix is rarely available, due to
the recursive nature of & in Equation (1). Therefore,
the central difference approximation was used to find
these derivatives.

In many statistical problems, the log-likelihood
is always close to the quadratic function which is
normally around the maximum points and as a result
is an advantage of using the Quasi-Newton algorithm.
Approximately, the maximum likelihood estimators
are normally distributed (the logarithm of a Gaussian
density is a quadratic function) [13]. However, this
method often diverges if the initial values are far from
the true roots [12]. This is a classical problem and the
initial values for the Quasi-Newton method are normally
obtained at random or by guessing. In order to find
the initial values for the Quasi-Newton method in this
present study, the idea of contour plots were used.

2.2 Contour plots

The contour plots was used as an approach to graphically
find the initial values which maximize the log-likelihood
function. It can be used to find approximate values of
the variables where the maximum of a function of two
variables occurs [14]. One variable is represented on
vertical axis (o) and a second variable is represented on
the horizontal axis (£). While the third variable that is
the function being sought for (the maximum value of
the log-likelihood function) is represented by a color
gradient. Contour plots are mostly used in most statistical
and mathematics computation programs and other
general-purpose graphics, however, in this paper the
algorithm is implemented in R statistical program. This
is done by first plotting the contours within the range
of values of the variables (for each a and f in [0,1))
and then drawing a polygon to reduce this range to a
smaller region containing the maximum value. The
polygon obtained was then zoomed in (zooming is
useful to see detail in a small area), in order to find
the maximum value for the next iteration. This process
may be repeated until the maximum values of a and
are approximately maximum enough.

3 Results and Discussion

The two parameters o and ff in the GARCH (1,1) model
are estimated by choosing their values that maximizes
the log-likelihood function, and this requires the Quasi-
Newton method that involves updating estimates
starting with selected initial values. In this method,
it is necessary to select starting values that are in
the neighborhood of the optimal estimated values to
avoid diverging. The method used involves examining
contour plots of the log-likelihood function, as shown
in Figures 1 and estimating the initial values (a, f3,) of
o and f near the center of the contour with the highest
value of the log-likelihood function.

Figure 1 contains four panels where the x-axes
and y-axes represent a and S respectively. From the
top left panel, the x-axis and y-axis shows the value of
o and S in the range [0,1). In this panel, it shows that
the region of interest for a in the range 0.0-0.5 and
for  around 0.5-1.0. Then, the polygon was drawn to
reduce the range to a smaller region, as represent in
the top right panel. This process was done by zooming
in the polygon in the top left panel. This process may
be repeated until the maximum values of o and S are
approximately maximum enough, and in this study
it had been repeated for four times. Then, by using a
simple command in the R statistical program, the value
of o and ff was presented (will be show in the Table 1).

The initial parameters obtained from the contour
plots was used as an initial values for the iteration
process using the Quasi-Newton method. Table 1 shows
the initial and estimated values of the GARCH (1,1)
parameters. It shows that the initial values obtained
from the contour plots satisfy the condition of «a
and f which is [0,1). Alexander [15] stated that the
parameter o usually lies in the range 0.05 for a
relatively stable and 0.1 for jump market for a daily
observation. Also, the parameter f is usually in the
range 0.85 to 0.98 [15], it can therefore be seen in the
Figure 1. The value of o and f in Table 1 shows that
the parameter « is close to 0 which is in the range 0 to
0.1 and parameter £ is close to 1.

In order to know how good the idea of contour
plots in finding the initial parameters is, the estimated
values from the Quasi-Newton method was compared
to the values from Naimy [4]. The paper of Naimy
[4], presented two different estimated values using
two different approaches, which are normal procedure
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ContourPlot of Log-Likelihood for Garch(1,1) Model: Daily Volatility of Paris Bourse
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Figure 1: Contour plots for GARCH (1, 1) log-likelihood for Paris Bourse stock exchange data.

Table 1: Initial and estimated values comparing to the Naimy’s paper

Method Initial Values Estimated Parameters
a, A The Log-likelihood value a p The Log-likelihood value
Quasi-Newton Method 0.1072 0.8501 11,163.6901 0.1118 0.8649 11,163.6989
Naimy (2013) for NP - - - 0.0949 0.8814 11,176.606
Naimy (2013) for VT - - - 0.0863 0.9232 11,143.662

Note: Naimy did not provide the initial parameters

Table 2: Initial and estimated values for Thailand rubber data comparing to the Excel’s Solver

Data Values Methods
Quasi-Newton Method Excel’s Solver

o 0.1360 -

Initial Values Lo 0.8092 -

. The Log-likelihood value 10,768.1902 -
Thailand Rubber » 0.1326 0.0479
Estimated Values 1) 0.8117 0.9521

The Log-likelihood value 10,768.2003 10,608.8921

Note: Excel Solver did not provide the initial parameters

(NP) and variance targeting (VT). Variance targeting
approach is can also be called a robust approach which
is for the estimation of the parameters of the GARCH
(1,1) model [16]. This involves setting the long-run
average variance rate (7,) equal to the sample variance
calculated from the data (or to some other value that
is believed to be reasonable). For the Naimy’s paper,
V, = 1.41% was chosen. (Note, for the method we
presented, we used the normal procedure in order to

estimate the parameters of the GARCH (1,1) model).
As shown in the Table 1, the log-likelihood obtained
from the Quasi-Newton method is lower than the
values obtained in Naimy’s paper for the NP, but it shows
the different direction for the VT approach. Then, the
method presented in this paper also illustrated using
Thailand rubber data for more example, as shown in
Table 2. It shows that the log-likelihood obtained from
the method presented is higher than the one obtained
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Volatility (%) Daily Volatility of Paris Bourse
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Figure 2: Estimated volatility presented in this paper

(a) and estimated from Naimy [4] (b).

from the Excel’s Solver. The value of a and £ in this
paper was obtained using the Quasi-Newton method
together with the idea of the contour plots, where it
was implemented in R statistical program; however,
the value obtained from Naimy [4] was obtained by
using the Solver in Microsoft Office Excel.

The estimated parameters were used to find the
volatility from the data (Paris Bourse stock exchange
data), which is presented in the Figure 2. According
to the range of values given by Alexander [15], some
fluctuation can be seen in Figure 2 in 2008, 2010 and
2011. Observations start in September, right after
the financial crisis that hit the global economy in
the summer of 2007 [17]. As a result, the growth of
volatility was only around 1.2%. The economy in
France recovered in 2008 since the recession which was
less severe than in other parts Europe [18]. However,
Gross Domestic Product (GDP) of France again
dropped by 3% in 2009 [19]. From 20102013, there
were some fluctuation, especially in 2010 and 2011
with the growth of GDP around 1.9% and 2.1% [18].

Overall, the volatility was usually hovering
around 1% and 3% per day with over 3% of volatilities
realized during some times. Comparing both results in
Figure 2, it shows that the estimated volatility from the
method presented in this paper gives the similar results
with the results available in the Naimy [4].

This paper is quite limited in scope by considering
only two data set. Despite this limitation, our investigation
demonstrated some defects in the parameter estimation
ofthe GARCH (1,1) model, and also provides a useful
blueprint for further studies. To estimate the unknown
parameters, most researchers use the Solver in Microsoft
Excel. Therefore, in this study the Quasi-Newton
iterative method was used together with the idea of the
contour plots for finding the initial values.

However, although the idea of contour plots shows
the ability to calculate the initial parameters which is
approximately close to the estimated parameters
of the Quasi-Newton method, it was realized that it
also has a drawback. The problem is being able to
determine the number of times needed to zoom in the
polygon from the region of interest until the values
of o and f are approximately maximum enough. The
number times needed to our best of knowledge has not
been captured by any literature and always depends on
what the researcher sees appropriate. These findings
are consistent with other studies about contour plots
[20]. The study found that it is a possibility for the
characteristics of the function to be missed sometime
as a result the sample points is always finite (it is the
log-likelihood function in this study).

A further study is needed to address these problem,
so the Quasi-Newton method together with the idea
of contour plots can be a better approach to calculate
the estimated parameters of the GARCH (1,1) model.

4 Conclusions

In this paper, the method for the parameterization of the
GARCH (1,1) model has been presented. It involves
using the Quasi-Newton method and an appropriate
starting point for the iterations. The initial parameters
was obtained by using the idea of the contour plots. The
parameterization method was illustrated using the Paris
Bourse stock exchange and Thailand rubber data. The
results show that applying the Quasi-Newton method
together with the idea of the contour plots provides
an appropriate method for parameter estimation of
the GARCH (1,1) model. The estimated parameters
obtained was then used to find the estimated volatility
from the data for the Paris Bourse stock exchange data.
The results obtained shows that it is consistent with
the results in Naimy [4]. Furthermore, apart from the
Excel’s Solver, the Quasi-Newton method together

FE Farida et al., ““A Simplified Approach to Estimating Parameter of the GARCH (1,1) Model.”



Applied Science and Engineering Progress, Vol. 12, No. 3, pp. 158-163, 2019

163

with the idea of contour plots can be an alternative
approach in parameterization ofthe GARCH (1,1) model.
However, further analysis is required for the contour
plots to evaluate the number of times needed to zoom
in the polygon from the region of interest until the
values of « and S are approximately maximum enough.
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