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บทค่ัด้ย่อ

การิศึกษาคริั�งนี�มีวัตถุุปริะสุงค์เพ่�อปริะยุกต์ใช้ตัวปริะมาณิแอนเดอร์ิสุัน-ดาร์ิลิง (Minimum Anderson-Darling  

Estimator; MADE) ในการิปริะมาณิค่าพาริามิเตอริ์ที�ไม่ทริาบค่าของการิแจังแจังแบบมาร์ิแชล์โอคินความยาวเอนเอียง

เลขชี�กำลัง (Marshall-Olkin Length-Biased Exponential (MOLBE) Distribution) ซึ่ึ�งการิแจักแจังนี�เป็นการิการิแจักแจัง

ที�ขยายจัากการิแจังแจังแบบความยาวเอนเอียงเลขชี�กำลัง (Length-Biased Exponential Distribution) โดยใชห้ลักการิของ

มาริ์แชลโอคิน (Marshall-Olkin Scheme) อีกทั�งการิแจักแจัง MOLBE ยังเป็นการิแจักแจังที�มีความย่ดหยุ่นเป็นอย่างมาก 

ในการินำไปใช้อธิ์บายข้อม้ลจัริิงที�มีลักษณิะเบ้ขวา นอกจัากนี�ปริะสิุทธ์ิผู้ลของตัวปริะมาณิ MADE ที�ใช้ในการิปริะมาณิค่า

พาริามิเตอริ์ของการิแจักแจัง MOLBE ถุ้กนำเสุนอผู้่านข้อม้ลจัริิงทางด้านวิศวกริริมและสิุ�งแวดล้อมที�ไม่ถุ้กเซึ่็นเซึ่อริ์จัำนวน  

3 ชุดข้อม้ล ซึ่ึ�งชุดข้อม้ลที�นำมาใช้ปริะกอบไปด้วยข้อม้ลที�มีหลากหลายริ้ปแบบ เช่น เบ้ซึ่้าย เบ้ขวา และสุมมาตริ

ค่ำสัำค่ัญ: การิปริะมาณิค่าพาริามิเตอริ์ด้วยวิธ์ีแอนเดอริ์สุัน-ดาริ์ลิง การิแจักแจังแบบมาริ์แชลล์โอคินความยาวเอนเอียง
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Abstract

This paper aims at applying the minimum Anderson–Darling estimator (MADE) to the Marshall-Olkin 

Length-Biased Exponential (MOLBE) distribution for estimating its unknown parameters. The MOLBE  

distribution, which extends the Length-Biased Exponential distribution based on the Marshall-Olkin 

scheme, seems more flexible in modeling real data with right skewed shape. The efficacy of the MADE 

for the MOLBE parameter estimation is shown through three uncensored real datasets in engineering and 

environment with various shapes such as slightly left skewed, right skewed and symmetrical.
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1. Introduction

 Lifetime data modeling is an important topic in 

applied sciences including engineering, environment,  

biomedical science, finance, and insurance. In the 

field of environment and engineering, for example, 

a model of lifetime data allows us to predict the 

occurrence of natural events such as the next ocean 

waves caused by earth movement. There are many 

choices of probability distributions that allow us 

to characterize the lifetime data. The exponential  

distribution is a commonly used baseline  

distribution. However, the existing models are not 

suitable or less representative of actual data in many 

situations; according to [1]. As a result, developing  

distributions that can better describe certain  

phenomena while also being more flexible than the 

baseline distribution are critical [2]. 

 The moment exponential distribution also 

known as the length biased exponential (LBE)  

distribution is an extension of the exponential  

distribution [3].  Following the concept introduced  

by Fisher in 1934, the LBE distribution was  

constructed by assigning weight to the exponential 

distribution [4]. It was proved that the LBE distribution  

is more flexible than the exponential distribution as 

discussed in [5]. In 2021, the parameter estimation  

of LBE distribution has been studied under  

simple – step - stress cumulative exposure model. 

The maximum likelihood (ML) method is used to  

estimate a parameter in the model; according to [6].

 Recently, a new extension of the LBE distribution  

called the Marshall-Olkin Length-Biased Exponential 

(MOLBE) distribution was proposed by Haq et al. [5]. 

The MOLBE distribution is a new life time distribution 

under the Marshall-Olkin (MO) family framework by 

adding a shape parameter [7]. The mathematical 

properties of this distribution were derived, including  

survival and hazard rate functions, ordinary and  

incomplete moments, generating function, entropies,  

mean residual life and mean inactivity time. The 

estimation of the MOLBE parameters based on ML 

method was also considered and applied in tensile 

strength of carbon fibers dataset as demonstrated 

in [5]. 

 The maximum likelihood estimator (MLE) is 

one of the most widely used baseline methods for 

estimating the parameters of a model. In recent 

years, the maximum goodness-of-fit estimators 

(also called minimum distance estimators) have 

gained a great interest to practitioners and applied  

statisticians. Especially in the minimum Anderson– 

Darling estimator (MADE), it provides a better solution  

on the case of many location scale distributions. 

The application of the MADE method to the  

approximated cumulative distribution function was 

claimed to be more computationally efficient than the 

application of the ML method to the approximated  

probability density function [8]. Furthermore, the 

MADE was discussed by many authors such as Dey  

et al. [9], ZeinEldin et al. [10], and Al-Mofleh et al. [11].

 Three real datasets in environment and  

engineering are modelled using MOLBE distribution. 

In this paper, the MADE is employed to estimate 

the parameters of the distributions. The contents 

of this paper are as follows: section 2 provides a 

brief introduction of the characteristic of MOLBE  

distribution and the parameter estimation according  

to the minimum distance estimator. Three real 

datasets modelled as MOLBE distribution are  

presented in section 3. Afterward, some of  
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conclusions are drawn in section 4.

2. Materials and Methods

 In this section, the MOLBE distribution and its 

mathematical properties are introduced, as well 

as its parameters estimation based on the classical 

method.

2.1 The MOLBE distribution

 Haq et al. [5] introduced MOLBE distribution as 

an alternative to LBE distribution to analyze a real 

life dataset. It is a new extension of the LBE using 

the MO distribution family. The MOLBE distribution 

has two parameters, namely scale parameter β and 

shape parameter γ 

 Definition. Let X be a random variable that 

follows the MOBLE distribution with parameters  

β > 0 and γ > 0, written as X ~ MOLBE(β, γ) The 

probability density function (pdf) of X is given by

  (1)

and the cumulative density function (cdf) of X is

  (2)

where x > 0 for β > 0, and γ > 0.  

 Corollary. If  γ = 1 then the MOLBE distribution 

reduces to the LBE distribution with pdf shown in 

Equation (3). 

 

  (3)

where x > 0 for β > 0.

 In Figure 1, the pdf and cdf plots for the MOLBE 

with various values of the parameters β and γ are 

illustrated. 

 - γ is a shape parameter, since for a fixed value 

of β, the shape of density function changes as  

changes, (see Figure 1). The pdf can be unimodal 

with right-skew. Indeed as γ decreases, the pdf  

becomes more extremely right skewed in Figure 1 (a)  

and (e).

 - The pdf of MOLBE distribution tends to  

normal distribution as the value of γ increases, 

while the value of β is kept constant, as shown in 

Figure 1 (c).

 - From Figure 1 (b), (d), and (f), the cdf of 

MOLBE distribution satisfies the following properties: 

 and F(x) is non-decreasing.

2.2 The mathematical properties of the MOLBE 

distribution

 In this part, we present some basic mathematical  

properties of the MOLBE distribution such as  

survival and hazard functions, the expansion of the 

probability density function, moments, and the  

moment generating function. These properties were 

derived in Haq et al. [5].

 2.2.1 Survival and hazard functions

 The survival function, S(x), which is known as 

the reliability function, is probability of surviving  

beyond a specified time. The hazard function 

or the hazard rate, h(x), is used to monitor the 

lifetime of a unit across the support of its life-

time distribution. The S(x) and the h(x) of MOLBE 

distribution are in Equation (4) and Equation (5),  

respectively.
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Figure 1 Some plots of pdf and cdf for the MOLBE distribution with some parameter values. 
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  (4)

and 

  

 

  (5)

 Haq et al. [5] conducted a study of the MOLBE 

hazard function that can be unimodal and increasing.

 2.2.2 The expansion of the probability density 

function

 Using both the generalized binomial expansion 

and power series, the linear representation for the 

pdf is given by Equation (1) can be expressed in 

Equation (6).

  (6)

 2.2.3 Moments

 The moments of the MOLBE distribution reveal 

its many important properties. The rth moment of  

X ~ MOLBE(β, γ) is given as Equation (7). 

  (7)

 2.2.4 Moments generating function

 The moment generating function (mgf) of the 

MOLBE distribution [5] is given by Equation (8).

 

  (8)

The rth moment about the origin can be obtained 

by differentiating the mgf r times with respect to t 

and setting t = 0. The expectation value, variance, 

skewness and kurtosis can be obtained easily using 

this method. More details of the properties MOLBE 

distribution were provided in Haq et al. [5].

2.3 Parameters estimation 

 In previous work, the ML method is used to  

estimate the unknown parameters of the distribution  

[5]. In this study we use the minimum distance 

estimators, a frequentist approach, to estimate 

the unknown parameters of the distribution. In this 

approach the unknown parameters of the cdf are 

obtained by minimizing any empirical distribution. 

 The Anderson-Darling distance function (ADF) 

which is applied to goodness-of-fit tests for different 

distribution types is expressed as Equation (9).

  (9)

where θ is the vector of parameters in the cdf. The 

point estimation of MADE were defined in [8], [12], 

resulting in .

 The estimator of the parameters β and γ 

for the MOLBE distribution is obtained from the 

MADE method. Let X1, X2,..., Xn, be an ordered  

independent and identically distributed random 

sample of size n from the MOLBE population with 

cdf defined in Equation (2) and the vector of the 

unknown parameters is denoted as .  

Thus, the ADF of MOLBE distribution is given  

by 
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   (10)

 Consequently, the Anderson-Darling estimates 

of Θ denoted by  are obtained by  

minimizing A(Θ) in Equation (10) with respect to β 

and γ. These estimators are calculated by solving 

the nonlinear equations as follows:  

 

  (11)

 

   (12)

where

and

 The  in Equation (11) and (12) are  

obtained by numerically solving the system of non-

linear equations through the optim function in stats 

package of R language [13].  

3. Results 

 To illustrate the usefulness of the MADE, 

we use this method to estimate the unknown  

parameters of three uncensored real datasets 

modelled as MOLBE distribution. To compare the 

MOLBE distribution using the MADE, some other 

competitive extensions of LBE distribution as well 

as MO distribution are considered, including the 

LBE distribution [3], the Marshall-Olkin extended  

exponential (MOEE) distribution (see [14]), the Weibull  

length-biased exponential (WLBE) distribution [15] 

and the Gompertz length-biased (GoLBE) distribution 

[1]. Their pdfs are expressed by Equation (13)–(16).

 The pdf of the LBE distribution is

  (13)

where x > 0, β, γ > 0.

 The pdf of the MOEE distribution is

  (14)

where x > 0, β, γ > 0.

 The pdf of the WLBE distribution is

 

 

  (15) 
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where x > 0, β, γ, θ > 0.

 The pdf of the GoLBE distribution is

 

  (16) 

where x > 0, β, γ, θ > 0.

 The parameters of the corresponding models 

are estimated by the MADE. Minus log-likelihood 

(-ll), Akaike Information Criterion (AIC) and Bayesian  

Information Criterion (BIC) are provided. The 

values of Anderson–Darling (A-D) statistic and  

Kolmogorov–Smirnov (K-S) statistic, with its corre-

sponding p-value are also obtained. The values of 

these goodness-of-fit measures are used to indicate 

the best fitted model. The smaller -ll, AIC, BIC, K-S 

and A-D values and the higher p-values of K-S and 

A-D indicate the better fit. For all datasets, the 

essential computation and data visualization are 

analyzed by the R language [13].

3.1 Fracture toughness of alumina (Data I)

 The first dataset reported by Nadarajah and 

Kotz [16] represents 119 observations of the 

fracture toughness of alumina (Al2O3) measured  

in MPa m1/2. It has previously been analyzed by 

Makubate et al. [17] and Chipepa et al. [18] so as 

to fit models. Data I is 5.50, 5.00, 4.90, 6.40, 5.10, 

5.20, 5.20, 5.00, 4.70, 4.00, 4.50, 4.20, 4.10, 4.56, 

5.01, 4.70, 3.13, 3.12, 2.68, 2.77, 2.70, 2.36, 4.38, 

5.73, 4.35, 6.81, 1.91, 2.66, 2.61, 1.68, 2.04, 2.08, 

2.13, 3.80, 3.73, 3.71, 3.28, 3.90, 4.00, 3.80, 4.10, 

3.90, 4.05, 4.00, 3.95, 4.00, 4.50, 4.50, 4.20, 4.55, 

4.65, 4.10, 4.25, 4.30, 4.50, 4.70, 5.15, 4.30, 4.50, 

4.90, 5.00, 5.35, 5.15, 5.25, 5.80, 5.85, 5.90, 5.75, 

6.25, 6.05, 5.90, 3.60, 4.10, 4.50, 5.30, 4.85, 5.30, 

5.45, 5.10, 5.30, 5.20, 5.30, 5.25, 4.75, 4.50, 4.20, 

4.00, 4.15, 4.25, 4.30, 3.75, 3.95, 3.51, 4.13, 5.40, 

5.00, 2.10, 4.60, 3.20, 2.50, 4.10, 3.50, 3.20, 3.30, 

4.60, 4.30, 4.30, 4.50, 5.50, 4.60, 4.90, 4.30, 3.00, 

3.40, 3.70, 4.40, 4.90, 4.90, 5.00.

3.2 Breaking stress of carbon fibers (Data II) 

 The second dataset, reported by Nichols 

and Padgetteit [19], is the measurement of the  

tensile strength (GPa) of 66 carbon fibers tested 

under tension at gauge lengths of 50 mm. Data II 

is given by: 0.39, 0.85, 1.08, 1.25, 1.47, 1.57, 1.61, 

1.61, 1.69, 2.03, 2.03, 2.05, 2.12, 2.35, 2.41, 2.43, 

2.48, 2.50, 2.59, 2.67, 2.73, 2.74, 2.79, 2.81, 2.82, 

2.85, 2.87, 2.97, 3.09, 3.11, 3.11, 3.15, 3.15, 3.19, 

3.22, 3.22, 3.33, 3.39, 3.39, 3.56, 3.60, 3.65, 3.68, 

3.70, 3.75, 4.90, 1.80, 2.53, 2.88, 3.27, 4.20, 1.84, 

2.55, 2.93, 3.28, 4.38, 1.87, 2.55, 2.95, 3.31, 4.42, 

1.89, 2.56, 2.96, 3.31, 4.70.

3.3 Annual maximum precipitation (Data III) 

 The last dataset contains 100 observations 

of annual maximum precipitation (inches) from 

1900 to 1999 for one rain gauge in Fort Collins,  

Colorado [20]. ZeinEldin et al. [21] applied this 

data to show a high potential of their proposed  

distribution. The dataset is shown as: 239, 232, 434, 

85, 302, 174, 170, 121, 193, 168, 148, 116, 132, 132, 

144, 183, 223, 96, 298, 97, 116, 146, 84, 230, 138, 

170, 117, 115, 132, 125, 156, 124, 189, 193, 71, 176, 

105, 93, 354, 60, 151, 160, 219, 142, 117, 87, 223, 
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215, 108, 354, 213, 306, 169, 184, 71, 98, 96, 218, 

176, 121, 161, 321, 102, 269, 98, 271, 95, 212, 151, 

136, 240, 162, 71, 110, 285, 215, 103, 443, 185, 199, 

115, 134, 297, 187, 203, 146, 94, 129, 162, 112, 348, 

95, 249, 103, 181, 152, 135, 463, 183, 241.

 Table 1 and Figure 2 show the results of the 

first basic data analysis and kernel density plots 

for each dataset. The estimated parameters using 

the MADE (ADEs) and the corresponding goodness-

of-fit measure for all of the competitive models 

are reported in Table 2. More visual comparisons, 

including histogram with the relative fitted densities 

(PDFs) and empirical with estimated distribution 

functions (CDFs), are shown in Figure 2 for the five 

models.

 Upon closer examination of the summary 

statistics and primary behavior of three datasets 

reported in Table 1 and Figure 2, we see that Data 

I, Data II and Data III are approximately slightly left 

skewed with a moderate kurtosis, symmetrical 

with a moderate kurtosis, and right skewed with a 

high kurtosis, respectively. The results presented in  

Table 2 for Data I and Data II reveals that the 

MOLBE model has the lowest values for -ll, AIC, BIC 

and the highest p-values (K-S and A-D). Therefore, 

the MOLBE model provides the best fits among  

considered distributions. For Data III, the MOLBE 

model has the smallest values of -ll, AIC as well as 

BIC with the biggest p-value of A-D but p-value of K-S 

is a little less than the MOEE model. Nonetheless,  

the MOLBE should be chosen over the other  

competing models. Figure 3 also confirms that 

MOLBE distribution using MADE outperforms all 

other distributions for these datasets. 

Figure 2 Kernel density plots for three datasets.

   

Table 1 Descriptive statistics for all of the datasets 
Data Field n Min Mean Median SD Skewness Kurtosis Max

I engineering 119 1.68 4.33 4.38 1.02 –0.42 3.09 6.81

II engineering 66 0.39 2.76 2.84 0.89 –0.13 3.22 4.90

III environment 100 60.00 175.67 158.00 83.17 1.34 4.81 463.00
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 Figure 3 The histograms with PDFs plots (left panels), and the empirical with CDFs plots (right panels) for 

Data I, Data II and Data III.
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4. Discussion and Conclusions

 In this research paper, one of the minimum 

distance estimators, called the MADE, is applied to 

estimate two unknown parameters of the MOLBE 

distribution. The MADE can be executed based on 

approximated cumulative distribution function [8]. 

To demonstrate the usefulness of the MADE for 

the MOLBE parameter estimation, three datasets 

from three different fields each with different  

characteristics are used in application study. As 

shown by three applications, the MADE works  

better for the MOLBE distribution than the others. 

The MADE has a very good performance in the 

case of many location scale distributions [8]. Our 

results indicate that it could be a suitable parameter  

estimation method for the MOLBE distribution with 

scale parameter and shape parameter as well. In 

addition, the -ll, AIC and BIC values of the MOLBE 

distribution become higher when data are more 

right skewed. In conclusion, the MOLBE distribution 

using MADE could be an alternative for practitioners  

and applied statisticians to model much wider 

application fields as well as more various types of 

data. We anticipate that it will grow in popularity 

in the near future.
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